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Abstract

This paper investigates the evolution of (relatively) long Rayleigh waves on an inflectional two-dimensional bounda
such as may occur when a flow encounters a small surface mounted obstacle. Under the assumption that the flo
essentially two-dimensional a coupled set of evolution equations are derived that describe the nonlinear growth of an e
arbitrary (2D) disturbanceto the base flow. Numerical solutions are presented for a representative initial condition.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

In a recent series of papers Savin et al. [1], Allen et al. [2] and Allen [3] the nonlinear development of long Ra
waves on an inflectional boundary layer flow was investigated. The analysis in these papers is based upon the high
number asymptotic analysis of flow over small surface mounted obstacles which was first studied by Smith [4] and late
elucidated in Smith et al. [5]. The stability of such flows has beenconsidered by Tutty and Cowley [6] and Smith and Bodonyi
wherein it was shown that the appropriate scales for the development of an inflectional sublayer were O(R−1/2h) in the direction
normal to the wall and O(h3) in the streamwise direction. HereR � 1 is the Reynolds number andh is an asymptotically smal
height parameter which is equal toR−1/8 in the now classical triple-deck theory (see for example the reviews of Stewarts
and Smith [9]) but can take values in the range

R−1/4 � h � R−1/8, (1)

where the lower limit corresponds to the case where the lateral and transverse length scales are comparable and hen
the full Navier–Stokes equations with unit Reynolds number.

An important aspect of the work of [1] was the observation that, by studying relatively long wavelengths near to the
the inflectional profile, initial disturbances of an essentially arbitrary character could be incorporated into thenonlinear stability
analysis with a Fourier transform replacing the usual modal analysis. A similar property was exploited in Chapman and
[10] for the onset of thermal convection between poorly conducting walls although the nature of the nonlinear interac
quite different. The work of Gaster [11] and Gaster and Grant [12] is worth mentioning in this context. In these papers
Sommerfeld equation was solved as an initial value problem and the evolution of the resulting wave packet was comp
experimental results. Although the results were rather favourable the use of the so-called parallel flow approximation i
the more rational asymptotic approach makes their theory difficult to generalize to include flow development and nonl
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The importance of the type of disturbance considered here and in [1–3] is made clear in the experiments of Klebanoff
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and Tidstrom [13] where it was observed that roughness induced disturbances which grow and induce transition invo
all frequencies and were not of the fixed frequency type usually investigated in stability theory. Kendall [14] has ex
the evolution of a disturbance produced by an isolated element and found that long lived elongated vortical structu
downstream of the element. It appears possible that the present work describes, at least in their earlier stages of de
these vortices. Other examples of experiments of these types of flow can be found in [15–19] along with the review a
Morkovin [20] and the album of Van Dyke [21].

The present work differs from that of [1–3] in that it is concerned with disturbances which are strictly two-dimensiona
the earlier analyses all considered three-dimensional perturbations. The consequence of this difference is that the jump ac
the critical layer can no longer be calculated explicitly but must be obtained by solving thenonlinear critical layer equation
with coupling to the outer (core) flow. The surprising fact that the two-dimensional problem cannot be solved while th
dimensional one can arises from the change in nature of the critical level singularity as noted by Goldstein and Choi
and Cowley [23] and Wu et al. [24]. The difference arises from the fact that the logarithmic singularity in two dime
spawns a pole singularity in three dimensions and this changes the balance of nonlinear terms within the critical layer whic
then allows an exact solution to be obtained. This fact was actually first observed and exploited in the study of singula
eigenmodes of the Kuo equation by Hickernell [25].

Previous studies of two-dimensional critical layers which followed on from the seminal work of Stewartson [26] (s
reviews of Stewartson [27] and Maslowe [28] for further references) have all considered periodic disturbances. Of p
relevance to the present study are the papers Goldstein and his co-workers [29–32] wherein high Reynolds number a
were used to derive the equations governing the evolution of nonlinear Rayleigh waves in a mixing layer which is fa
upon scales large compared to the wave amplitude, from neutrality. The amplitude equations derived in these papers, wh
are very similar to the ones derived herein, were used to investigate the roll-up of vorticity within the critical level into “cat’
eyes”. The removal of the periodicity constraint in the present work means that formation and roll-up of only a finite
of vortices can be described. This is much closer to what one would expect to observe experimentally where an infin
of periodic vortices will not form immediately downstream of the roughness element but will take a finite time to appea
initial disturbance rolls up and moves downstream.

The structure of the paper is as follows. In Section 2 a brief description of the equations and scalings will be giv
amplitude equations are then derived in Section 3 with the numerical scheme used to solve them summarised in Sect
results of some representative simulations are then described in Section 5 followed by a brief discussion in Section
concludes the paper.

2. Equations and scalings

The nondimensional incompressible Navier Stokes equations are

ut + uux + vuy = −px + R−1(uxx + uyy),

vt + uvx + vvy = −py + R−1(vxx + vyy), (2)

ux + vy = 0,

where(u, v) are the streamwise(x) and transverse(y) velocity components,t is time,p is the pressure andR = UL/ν is the
large scale Reynolds number based upon a suitable velocity scaleU , length scaleL and the kinematic viscosityν.

As explained in the introduction and shown schematically in Fig. 1, it is envisaged that the oncoming bounda
encounters a small surface roughness of height O(R−1/2h) and horizontal extent O(h3) and so, following [2], the scalings

x = h3x̄, t = h2t̄ , y = R−1/2hȳ, (u, v) = h(ū, v̄), p = h2p̄, (3)

are introduced. These scalings follow from those used in the lower deck of the now classical triple-deck theory of Ste
[33] and Messiter [34] and are described in [5] for the present flow configuration. Substitution of (3) into (2) gives upon dropping
the bars

ut + uux + ε−6vuy = −px + +uyy + ε12uxx,

vt + uvx + ε−6vvy = −ε−6py + +vyy + ε12vxx, (4)

ux + ε−6vy = 0,

whereε = R−1/12h−1/3 (� 1). From this definition ofε it can be seen that the lower limit uponh in (1) corresponds to th
caseε = 1.



T. Allen / European Journal of Mechanics B/Fluids 23 (2004) 797–813 799

rows

yleigh
of

ed

reted
from the
ion point.
ing

r
39]) where

he
Fig. 1. Schematic showing the geometry of the flow. Here c.l. is the critical layer.

Following [1–3] the fast (long) Rayleigh scales

(X,T ) = ε−9/2(x, t), (x1, t1) = ε3/2(X,T ) = ε−3(x, t), (5)

are introduced. Here theX scale is the short length scale upon which the disturbance is described whileT is the corresponding
time scale over which it propagates. The longer scales (x1, t1) represent the modulation scales over which the disturbance g
and are linked to the growth rate of the instability.

The choice of scalings (5) is explained in detail in [1,2]. A brief explanation is as follows. In order to obtain the Ra
equation from (4) the wavenumber,α say, must be large of orderε−6σ whereσ is a measure of the comparative smallness
the wavenumber.1 Within the critical layer, of thicknessµ, the mean velocity is linear and so the termu∂x is O(ε−6µσ) while
the viscous term is O(µ−2). Balancing these terms then leads to the relationσµ3 = ε6 which yields, on assuming the reduc
wavenumber is comparable the critical layer thickness,2 σ = µ = ε3/2 and hence the scalings (5).

In the following the mean flowU0(y) is assumed to possess the following properties:-

U ∼ y asy → ∞, U − c0 = 0 = U ′′
0 aty = yc, (6)

and

=
∞∫

0

dy

[U0 − c0]2 = 0, (7)

along with the obvious no-slip conditionU0(0) = 0. Here the double bar on the integral sign signifies that it is to be interp
as a Hadamard finite part. The first of conditions (6) comes from the fact that the flow under consideration arises
lower-deck of the triple-deck structure while the second is simply the condition that the mean flow possesses an inflect
The final condition (7) determines the velocityc0 at the critical level and will be derived in the following section. It is interest
to observe that the integral constraint (7) has been found to apply, after a suggestion by Smith [35], to separation/instability of
planar interacting boundary layers as shown in Peridier et al. [36], Hoyle et al. [37]and Cassel et al. [38]. A condition simila
to (7) also appears in the theory of dispersive surface gravity waves on a sheared current (see for example Johnson [
it is referred to as the Burns condition.

1 The present analysis is based around the long wave limit of the Rayleigh equation and soσ � 1 is a measure of the smallness of t
wavenumber.

2 This ensures that the expansion proceeds in powers of the single parameterσ .
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3. Derivation of the amplitude equations
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In accordance with the analysis of [1–3] the lower deck flow structuresplits into three asymptotic regions; an inner cor
(which is the bulk of the lower-deck), an outer core required to satisfy decay in the far field and a critical layer which is r
to smooth out the induced logarithmic jump in the velocity.

These regions will be described in the following subsections with the interested reader referred to [1,2] for a
derivation of the scalings used.

3.1. The outer core

Since solutions of the Rayleigh equation decay with height on length scales comparable to the horizontal wavele
Drazin and Reid [40], p. 143) which is of relative orderε−3/2 in the present analysis it follows thatỹ = ε3/2y = O(1) is the
natural vertical coordinate in this region and so the expansion takes the form

u = ε−3/2ỹ+ · · ·+ δ[ũ0 + ε3/2ũ1 + · · ·],
v = · · ·+ δ[ṽ0 + ε3/2ṽ1 + · · ·],
p = · · ·+ ε−3/2δ[p̃0 + ε3/2p̃1 + · · ·],

(8)

whereδ is a small parameter which is determined by the requirement that the jump across the critical level is nonlinea
Substitution of (8) into (4) using the scalings (5) shows that at leading order the vertical velocity satisfies the

equation,

∂2ṽ0

∂X2
+ ∂2ṽ0

∂ỹ2
= 0, (9)

which is to be solved subject to decay at large distances plus matching to the inner core asỹ → 0.
Writing

ṽ0 = −AX on ỹ = 0, (10)

in anticipation of the results from the inner core leads to the solution

ṽ0 = − ỹ

π

∞∫
−∞

Aξ (ξ,T , t1, x1)
dξ

(X − ξ)2 + ỹ2
, (11)

from which it follows, for later use, that

∂ṽ0

∂ỹ

∣∣∣∣
ỹ=0

= 1

π
−
∞∫

−∞
Aξξ (ξ, T , t1, x1)

dξ

X − ξ
≡ GOuter, (12)

where the bar on the integral sign signifies that it is to be interpreted as a Cauchy principal value.

3.2. The inner core

In this regiony is O(1) while the disturbance perturbation tou is larger by a factor ofε−3/2. The expansion (8) is thu
replaced by

u = U0(y) + ε3/2U1(y)+ · · ·+ ε−3/2δ[u0 + ε3/2u1 + · · ·],
v = · · ·+ δ[v0 + ε3/2v1 + · · ·],
p = · · ·+ ε−3/2δ[p0 + ε3/2p1 + · · ·],

(13)

whereU1 is the perturbation to the mean (inflectional) flowU0 arising from the spatial development of the flow; i.e. the Tay
expansion about a point (upstream or downstream) of distance O(ε3/2) from the inflection point. Note that nonparallel term
first occur at O(ε3) in this expansion and so do not contribute to the analysis in this region.

Substituting this expansion into (4) and changing to a coordinate system moving at the inflectional speed (∂/∂T ≡ −c0∂/∂X)
gives (see [2,3]) the lead order solution
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v0 = AX(U0 − c0)

y∫
dz

, (14)

at
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∞ [U0(z) − c0]2

for y > yc while the solution below the critical level (y < yc) has the lower limit of integration replaced by zero. Continuity
y = yc now leads to the constraint (7).

The solvability condition for the critical layer is obtained at next orderin the expansion where the solution is

v1 = (U0 − c0)


 y∫

∞

Gdz

[U0(z) − c0]2 + GOuter


 , (15)

for y > yc with the solution iny < yc obtained by replacing the lower limit of integration by zero and neglecting the
GOuterwhich arises from matching to the outer core (12). The functionG in (15) is

G = p1X + p0x1 − (U0 − c0)u0x1 + u0t1 + U0u0x1 + U ′
1v0 − U1v0y , (16)

which it transpires is regular at the critical levely = yc. The jump across the critical level is determined by the differenc
the coefficient of(y − yc) in the Taylor expansion ofv1 from above (G+

R
) and below (G−

R
) the critical level. From (15) it now

follows that

G+
R − G−

R = b1GOuter− b1 =
∞∫

0

Gdy

[U0 − c0]2 , (17)

whereb1 = U ′
0(yc) > 0 is the shear at the critical level height. After some working it follows that the integrand in (17) c

written as (usingp0 ≡ A)

=
∞∫

0

Gdy

[U0 − c0]2 = −2

{
J1

∂

∂t1
+ c0J1

∂

∂x1
+ J2

∂

∂X

}
A, (18)

where the constantsJ1,2 are determined from the integrals

J1 ==
∞∫

0

dy

[U0 − c0]3 , J2 ==
∞∫

0

U1 dy

[U0 − c0]3 , (19)

which are completely determined by the oncoming interactive boundary layer.

3.3. The critical layer

Within the critical layer, whose thickness is O(ε3/2), the stretched coordinateY = ε−3/2(y − yc) = O(1) is introduced with
the value ofδ now fixed by the requirement that the critical layer jump is nonlinear. To achieve this it is observed that the
layer is being matched to a term of O(ε3δ) in the inner core while the dominant nonlinear term within the critical layer
inertial termε−3vuY ) is O(ε−3/2δ2). The wave amplitude is thus fixed to beδ = ε9/2 and so the critical layer expansion is

u = U + ε3[ū0 + ε3/2ū1 + ε3ū2 + · · ·],
v = V + ε9/2[v̄0 + ε3/2v̄1 + ε3v̄2 + · · ·], (20)

p = P + ε3[p̄0 + ε3/2p̄1 + ε3p̄2 + · · ·],
wherein the meanflow contributions (U , V , P ) are, Taylor expanding aboutx = y − yc = 0,

U ∼ U0(y) + ε3/2U1(y) + ε3U2(y)x1 + · · ·
∼ c0 + ε3/2(b1Y + τ0) + ε3(τ1Y + d0x1) + ε9/2

(
1

3!b3Y3 + 1

2
τ2Y2 + d1x1Y

)
+ · · · ,

(21)
V ∼ ε6v00 + · · · ,
P ∼ p00 + ε3q01x1 + · · · .

Here the constantsbn = U
(n)
0 (yc), τn = U

(n)
1 (yc), dn = U

(n)
2 (yc), etc. are determined by the oncoming boundary layer.
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The critical layer expansion now proceeds as described in[26] and the many subsequentpapers such as [29,31,32].
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The lead order balance shows that the transverse velocity and pressure are constant within the critical level and so
to the inner core leads to

p̄0 = A, v̄0 = −b−1
1 AX, (22)

while at next order the solution has̄p1 = 0 and, by virtue of̄u0Y = 0,

ū0X = −v̄1Y = χAX, (23)

where

χ = −b1

yc∫
∞

{
1

[U0 − c0]2 − 1

b2
1(y − yc)2

}
dy, (24)

is a constant determined from matching to the inner core (14). At third order in the expansion the equations which giv
the critical level jump are obtained. These can be written as

L0ū1Y + v̄0ū1YY = −(b3Y + τ2)v̄0 + τ1ū0X, (25)

v̄2Y + ū1X + ū0x1 = 0 = p̄2Y ,

where the linear differential operatorL0 is

L0 ≡ ∂

∂t1
+ c0

∂

∂x1
+ (b1Y + τ0)

∂

∂X
− ∂2

∂Y2
. (26)

Matching to the inner core yields the coupling condition, using (17) and the continuity equation (25),

G+
R − G−

R = lim
Y→∞ v̄2Y − lim

Y→−∞ v̄2Y = − ∂

∂X
=
∞∫

−∞
ū1Y dY. (27)

3.4. The amplitude equation

The form of the amplitude equation derived in the previous sections can be simplified considerably through a
of elementary transformations. Also, since in the following only temporal (and not spatial) modulations are of inte
variations with respect tox1 will be set to zero. The first transformation to be applied is used to remove the term propo
to Y from the right-hand side of (25) and is

ω = ū1Y − b3b−2
1 A. (28)

Note that the termb3b−2
1 A matches to the coefficient ofy − yc in the solution ofu0 in the inner core. This transformatio

ensures thatω → 0 as|Y | → ∞. The second transformation is a Galilean shift which removes theJ2∂/∂X term in (18) and is
coupled with a change in origin ofY within the critical level

X̂ = X − J−1
1 J2t1, Ŷ = b1

(
Y − J−1

1 J2 + b−1
1 τ0

)
. (29)

The final transformation involves a rescaling which allows the removal of two of the remaining constants (namelyJ1 andb3)
and is

A = (
2|J1|)−1

Ā,
(
X, Ŷ

) = (
2|J1|)−1/2

(X̄, Ȳ ), ω = |b3|(2b1|J1|
)−1

ω̄. (30)

Using these transformations in (17), (25), (27) yields the canonical problem, dropping the¯( )’s and the subscript 1,

At + 1

π
−
∞∫

−∞
Aξξ

dξ

X − ξ
= −γ

∂

∂X
−
∞∫

−∞
ω dY, (31)

ωt + YωX − AXωY − λωYY = At − µAX, (32)

whereγ , λ (> 0) andµ are constants and it has been assumed thatJ1 > 0 andb3 < 0. The latter condition is required for wel
posedness of the linear problem as discussed in [1–3,41] while for the former changingAt in (31) to−At yields the equations
for J1 < 0.
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4. Numerical method
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The problem (31) and (32) is solved iteratively using second order centred differences on a nonuniform grid with a
Nicolson type time marching scheme. Firstly Eq. (31) is written in the conservative form

At + FX = 0, (33)

where the fluxF is

F = γ J + 1

π
−
∞∫

−∞
Aξ

dξ

X − ξ
, (34)

with J denoting the contribution from the critical level jump. WritingX = Xi (i = 0,2, . . . ,M + 1) for theX grid points and
evaluating (33) att = (n + 1

2)δt wheren is the time level andδt is the time step gives

An+1
i

= An
i − 2δt

hi+1 − hi−1

(
F

n+1/2
i+1/2 − F

n+1/2
i−1/2

)
, (35)

wherehi = Xi − Xi−1 andF
n+1/2
i+1/2 denotes and approximation to the flux at the mid-points between nodes and averag

consecutive time levels. The contribution to the flux from the Hilbert integral is approximated using the mid-point rule
avoids the singularity at the nodal points:

−
∞∫

−∞
Aξ

dξ

Xi − ξ
∼

N∑
k=0

Xk+1∫
Xk

Aξ
dξ

Xi − ξ
∼

N∑
k=0

Ak+1 − Ak

Xi − Xk+1/2
=

N∑
k=1

CikAk, (36)

where it has been assumed thatA0 = AN+1 = 0.
To obtain values of the flux at the midpoints the quadratic interpolant

F int
i (X) = αi(X − Xi)

2 + βi(X − Xi) + Fi, (37)

is introduced where, writingri = hi+1/hi ,

αi = ri

(1+ ri)h
2
i+1

[
Fi+1 − (1+ ri )Fi + riFi−1

]
, (38)

βi = 1

(1+ ri )hi+1

[
Fi+1 − (1− r2

i )Fi − r2
i Fi−1

]
. (39)

Using this formula to obtain the values ofFi+1/2 is equivalent to using the second order difference approximation forFX in
(35) which turns out to produce grid scale instability when a disturbance crosses from a region ofuniform spacing to a stretche
region. This instability can be removed by ensuring that the fluxFi+1/2 used in the calculation ofAi is the same as that used
the calculation ofAi+1; i.e. the approximations preserve the discrete form of the integralA with respect toX. To achieve this
the flux ati + 1/2 is calculated as the average

Fi+1/2 = 1

2

[
F int

i (Xi+1/2) + F int
i+1(Xi+1/2)

]
. (40)

The probable cause of this instability isthe fact that on a nonuniform grid the cancellation of the singularity in the principa
value integral (36) is not as accurate as it is on a uniform grid and this is likely to result in a spurious contribution to t
The averaging procedure described above appears to correct for this and thus stabilizes the scheme.

The second equation (32) is again solved using Crank–Nicolson for the time step and diffusion term but now, du
change in sign ofY , theX derivative is calculated using the second order backward difference

ωX ∼ ωi±1 − s2
i±ωi±2 − (1− s2

i±)ωi

(1− si±)|hi±1| , (41)

wheresi± = |hi±1/hi±2| with the minus sign chosen forY � 0 and the plus sign forY < 0. All other derivatives are centre
(with account taking of the grid stretching).

The boundary conditions forω are applied by observing that, sinceω is known att = 0, the solution forω to O(Y−3) as
|Y | → ∞ can be obtained by solving
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ωt + YωX = At − µAX, (42)

first
tion

escribed

ined

line
which is sufficient to close the problem once the inflow conditionω = 0 is applied at the lateral boundaries.
The jump across the critical level is calculated by using the asymptotic representation

ω ∼ q1Y−1 + q2Y−2 + · · · , (43)

to approximate, for largeL,

−
∞∫

−∞
ω dY ∼

L∫
−L

ω dY + 2q2

L
, (44)

with q2 estimated from (42) and (43) while the integral calculated using the trapezoidal rule.
The nonlinear coupled difference equations resulting from the above approximations are solved iteratively with a guess

being made forAn+1
i

from which the solution forωn+1
ij

and hence the critical level jump is obtained. Using this informa

an updated value ofAn+1
i

is calculated and the procedure repeated until the solution changes by less than some pr
tolerance.

5. Results

The results described here all assume the initial condition

ω ≡ 0, A = 1

10
exp

(
−1

4
X2

)
, (45)

at t = 0. To fix matters further the constantsγ andµ in (31) and (32) are chosen to be

γ = 1

3
, µ = −5

2
, (46)

which ensures that a moderate range of wavenumbers (those less than−µ) are unstable. The growth rate and frequency obta
from solving the linearized version of (31) and (32) are shown in Fig. 2 as a function of the wavenumberα.

Fig. 2. The linear growth rate predicted from (31) and (32). Here theα is the wavenumber, the solid line is the growth rate and the broken
is the frequency.
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tity
(a)

(b)

Fig. 3. The solution att = 2.5 (a) is the amplitude functionA, (b) isω and (c) isS. Note that the contours forS can be read off theY axis by
virtue of the initial condition

In the following, as well as shown solutions forA andω, it will be useful to also consider the evolution of a scalar quan
S satisfying

St + YSX − AXSY = 0, (47)

with

S = Y at t = 0. (48)
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a
nts.
(c)

Fig. 3. Continued.

(a)

Fig. 4. As Fig. 3 but fort = 5.

The advantage of this quantity over that of the streamfunction1
2Y2 + A is that, due to the fact thatS remains constant on

particle path, the lines of constantS will mimic the use of gas bubbles/dye as is often used in flow visualization experime
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(c)

Fig. 4. Continued.

In the results described here a uniform grid of spacing 0.08 in X was used for−25� X � 35 with the grid then slowly
stretched untilX ∼ 80 while in theY direction the grid was uniform, with spacing 0.0833, for|Y | � 12.5 with stretching up
to Y ∼ 31. This resulted in a grid which was 1000× 600. The large value of the convection velocity at the edge of the do
requires a small time step, here chosen to be 0.0025, to ensure that the Courant number is less that unity. To test the conve
of the numerics a simulation was also performed at a higher resolution of 1500×1000 which showed no discernable differenc

In the following the detailed solutions will be described forλ = 1 with a discussion of the effects of different valu
summarized later. The results fort = 2.5 are shown in Fig. 3 at which point thedynamics are still purely linear in natur
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Fig. 5. As Fig. 3 but fort = 7.5.

As noted in the previous section the integral ofA with respect toX must remain constant and so the negative values ofA are
required by the solution in order to balance the growth and dispersion of the spot disturbance.

In Fig. 4 the solution at the later timet = 5 is shown. At this point the first signs of nonlinearity are coming into eff
although the solution is still very much linear at this stage (see discussion below), and in particular the rolling up of the
critical layer vortex can be clearly seen in Fig. 4(c). At the later timet = 7.5 shown in Fig. 5 the rapid nonlinear growth
the disturbance is clearly visible with the formation of multiple maxima and minima in the pressureA. The viscosity and
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Fig. 5. Continued.

(a)

Fig. 6. As Fig. 3 but fort = 10.
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Fig. 6. Continued.

nonlinearity within the critical layer appears to only slightly decrease the growth of the disturbance. The resulting fo
secondary vortices within the criticallayer can clearly seen in the contours ofS.

At t = 10 the growth ofA has continued (Fig. 6) and there is no sign of either finite amplitude equilibration nor bre
due to the formation of a singularity. The solution has also become more oscillatory with the resulting formation and growth o
smaller vortices becoming more evident. These multiple vortices hint at a tendency to form a periodic array of large a
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Fig. 7. The difference between then maximum and minimum values ofA as a function of time for different values of the viscosity parameteλ.
The solid line is the prediction of the linearized problem.

vortices ast → ∞. Thewavelength of the disturbance appears to be close to that predicted from linear theory (see Fig
the fastest growing wave.

Since the solutions for different values of the critical layer diffusion parameterλ show similar behaviour to the resul
already described the effects of viscosity (and nonlinearity) canbest be described by considering the difference between
largest and smallest values ofA as a function of time for different values ofλ as shown in Fig. 7. Also shown in this graph is t
growth predicted by the linearized equations which clearly shows that all the nonlinear solutions possess growth rate
than that predicted by linear theory. Surprisingly these results also indicate that the more viscous solutions have th
growth rates which at first sight appears to be counter intuitive. The larger growth of the viscous solutions appear to a
the fact that although the maximum values ofω are smaller within the critical level for the larger values ofλ the spreading ou
of the disturbance in the transverse (Y ) direction due to dissipation increases the value of the integral ofω across the critica
layer and hence increases the magnitude of the jump. This result is implied in the asymptotic analysis of [31] which show
following the work of Brown and Stewartson [42], that the critical layer splits into two asλ → ∞ with the inner critical layer
buffered by an outer diffusion layer. Another striking feature of this graph is the indication that the solution is actually be
linearly for much of the evolution, up to aroundt = 5, even when the amplitude functionA has become relatively large and
cannot be expected to agree with the linear theory which requires|A| � 1.

6. Discussion

The results described in the previous section show important differences to the periodic case studied by [30] and [31
the results presented here show only a small difference between the inviscid (λ = 0) and viscous (λ = 1) solutions while in the
two cited papers it was found that the inviscid solution would undergo finite amplitudeequilibration and that viscosity led to
algebraic growth ofA. Another important difference is that the nonlinear growth, although smaller than that predicted by
theory, appears to remain exponential rather than simply algebraic.

This final point along with the question of the ultimate fate of the disturbance on time scales longer than those consider
here deserves further study. In particular an analysis similar to that started in [31] and completed in [32] would be of p
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interest. Such a study would also clarify the relationship of the present work to that of Li et al. [43]. The simplicity of the present
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problem compared to the three-dimensional work of [2,3] should make such an approach analytically viable.
The problem of matching back to an initially linearly growing disturbance ast → −∞, which is not possible in either th

present work or that of the preceding papers [1–3,41], also needs some consideration. As described in these papers th
problem is ill-posed3 in t < 0 in the case of physical interestb3 < 0 which results in a well-posed problem fort > 0. In order
to obtain a well-posed problem int < 0 it is necessary to haveb3 > 0 which results in an ill-posed problem fort > 0. A study
of the receptivity problem for Rayleigh waves, to which this problem is fundamentally related, has recently been st
Smith and Timoshin [44] who show how a linear disturbance can be followed from its initiation at a pressure minimum
formation of agroup-velocity critical layer and subsequent nonlinear evolution. How such a matching could be perform
the current problem is at present an open question.
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